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�� )LQG WKH DULWKPHWLF PHDQ RI DOO WKH WKUHH�GLJLW SDOLQGURPHV� �5HFDOO WKDW D SDOLQGURPH LV
D QXPEHU WKDW UHDGV WKH VDPH IRUZDUG DQG EDFNZDUG� VXFK DV 777 RU 383��

٩ԆϮѼ׵ҵӛڮϢܜৼح౵ࡲ僚军ۡӝ冟ϤϲڮұһգӼݾѭ४юգѭݾӼ४ϨϤҥϢ冟

১ਕГҵӛڮ冟ာұ 777 ю 383僚农

�� (TXLODWHUDO WULDQJOH ABC KDV VLGH OHQJWK 840. 3RLQW D OLHV RQ WKH VDPH VLGH RI OLQH BC DV A
VXFK WKDW BD ⊥ BC. 7KH OLQH ! WKURXJK D SDUDOOHO WR OLQH BC LQWHUVHFWV VLGHV AB DQG AC
DW SRLQWV E DQG F, UHVSHFWLYHO\� 3RLQW G OLHV RQ ! VXFK WKDW F LV EHWZHHQ E DQG G,"AFG
LV LVRVFHOHV� DQG WKH UDWLR RI WKH DUHD RI "AFG WR WKH DUHD RI "BED LV 8 : 9� )LQG AF�

ӓٍѼउ঍ ABC ϢٍԁϨ 840僚ѷ D Բ A ݨلӮ׵ BC ϢӳϤጢ冟ڪИ BD ⊥ BC僚ӎЬ

D Ϣݨل ! Բݨل BC ӑ冟Բٍح AB ю AC оԸՑ݀Ӯѷ E ю F僚! ϾϢѷ G冟ڪИ F Ϭ

E ю G ҮӢ冟"AFG ϨӓౄѼउ঍冟؜੕ "AFG Բ "BED ϢӱݟҮՕϨ 8 : 9僚٩ AF
Ϣԁט僚

�� )LQG WKH QXPEHU RI SHUPXWDWLRQV x1, x2, x3, x4, x5 RI QXPEHUV 1, 2, 3, 4, 5 VXFK WKDW WKH VXP
RI ÀYH SURGXFWV

x1x2x3 + x2x3x4 + x3x4x5 + x4x5x1 + x5x1x2

LV GLYLVLEOH E\ 3�

ڮ๳ࡥ 1冟2冟3冟4冟5 Ϣࣚڴ x1冟x2冟x3冟x4冟x5冟ڪИڹϲႽݟҮю

x1x2x3 + x2x3x4 + x3x4x5 + x4x5x1 + x5x1x2

Е࠴Ӊ 3 僚ڮϢϲࣚڴ僚٩ԆϮϼҥϢৣߴ

�� 7KHUH DUH UHDO QXPEHUV a, b, c, DQG d VXFK WKDW−20 LV D URRW RI x3 + ax + b DQG−21 LV D URRW
RI x3 + cx2 + d� 7KHVH WZR SRO\QRPLDOV VKDUH D FRPSOH[ URRW m +

√
n · i, ZKHUH m DQG n

DUH SRVLWLYH LQWHJHUV DQG i =
√
−1� )LQG m + n�

ࣽϬԓڮ a冟b冟c冟d冟ڪИ −20 Ϩ x3 + ax + b Ϣড冟ү −21 Ϩ x3 + cx2 + d Ϣড僚ϼҴϲ

ЊলޮϮϤϲՂॄϢڮࡩড m +
√

n · i冟ճЋ m ю n ϨՓڮߴ冟؜੕ i =
√
−1僚٩ m + n僚
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�� )RU SRVLWLYH UHDO QXPEHUV s� OHW T (s) GHQRWH WKH VHW RI DOO REWXVH WULDQJOHV WKDW KDYH DUHD s
DQG WZR VLGHV ZLWK OHQJWKV � DQG 10. 7KH VHW RI DOO s IRU ZKLFK T (s) LV QRQHPSW\� EXW DOO
WULDQJOHV LQ T (s) DUH FRQJUXHQW� LV DQ LQWHUYDO [a, b)� )LQG a2 + b2�

ѐӮՓԓڮ s冟ࠤ T (s) ՝޸ԆϮӱݟГ s冟੕ҴٍԁоԸГ 4 ю 10 ϢᴺउѼउ঍ੑћϢ৛

؏僚࢞ۖݕ T (s) ϦϨِ৛冟ү T (s) ЋԆϮѼउ঍ЅӋӓϢ s ੑћϢ৛؏Ϩ࡞Ӣ [a冟b) 僚

٩ a2 + b2僚

�� )RU DQ\ ÀQLWH VHW S, OHW |S| GHQRWH WKH QXPEHU RI HOHPHQWV LQ S. )LQG WKH QXPEHU RI RUGHUHG
SDLUV (A, B) VXFK WKDW A DQG B DUH �QRW QHFHVVDULO\ GLVWLQFW� VXEVHWV RI ^�� �� �� �� �` WKDW
VDWLVI\

|A| · |B| = |A ∩ B| · |A ∪ B|.

ѐӮڈۻϮञ৛؏ S冟ଊ |S| ՝޸ S ЋϢؑ੧ϲڮ僚٩ۖ࢞Жଁ؉ֱϢϮକѐ (A冟B) Ϣϲ

冭Aڮ ю B军݂݁Ϧӳ农Ϩ {1冟2冟3冟4冟5} Ϣп৛冟؜੕

|A| · |B| = |A ∩ B| · |A ∪ B|僚

�� /HW a, b, c, DQG d EH UHDO QXPEHUV WKDW VDWLVI\ WKH V\VWHP RI HTXDWLRQV

a + b = −3

ab + bc + ca = −4

abc + bcd + cda + dab = 14

abcd = 30.

7KHUH H[LVW UHODWLYHO\ SULPH SRVLWLYH LQWHJHUV m DQG n VXFK WKDW

a2 + b2 + c2 + d2 =
m
n

.

)LQG m + n�

ڮԓࠤ a冟b冟c冟d ۖ࢞Ӄࣩੑ

a + b = −3

ab + bc + ca = −4

abc + bcd + cda + dab = 14

abcd = 30僚

ࣽϬ௴ܚϢՓڮߴ m ю n冟ڪИ

a2 + b2 + c2 + d2 =
m
n
僚

٩ m + n僚
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�� $Q DQW PDNHV D VHTXHQFH RI PRYHV RQ D FXEH� ZKHUH D PRYH FRQVLVWV RI ZDONLQJ IURP RQH
YHUWH[ WR DQ DGMDFHQW YHUWH[ DORQJ DQ HGJH RI WKH FXEH� ,QLWLDOO\ WKH DQW LV DW D YHUWH[ RI WKH
ERWWRP IDFH RI WKH FXEH DQG FKRRVHV RQH RI WKH WKUHH DGMDFHQW YHUWLFHV WRPRYH WR DV LWV ÀUVW
PRYH� )RU DOO PRYHV DIWHU WKH ÀUVW PRYH� WKH DQW GRHV QRW UHWXUQ WR LWV SUHYLRXV YHUWH[�
EXW FKRRVHV WR PRYH WR RQH RI WKH RWKHU WZR DGMDFHQW YHUWLFHV� $OO FKRLFHV DUH VHOHFWHG
DW UDQGRP VR WKDW HDFK RI WKH SRVVLEOH PRYHV LV HTXDOO\ OLNHO\� 7KH SUREDELOLW\ WKDW DIWHU
H[DFWO\ � PRYHV WKH DQW LV DW D YHUWH[ RI WKH WRS IDFH RI WKH FXEH LV m

n
, ZKHUH m DQG n DUH

UHODWLYHO\ SULPH SRVLWLYH LQWHJHUV� )LQG m + n�

ᦓ᥿Ϭ࢙ӃւϾ֖ӑϤࣚۯ೸ҟ冟ճЋҽҨ೸ҟϨހգϤϲશѷᑯл࢙ӃւϢٍӖϽՑᑋ

Ϣશѷ僚н੃冟ᦓ᥿Ϭ࢙Ӄւ߁ӱϢ࣫ϲશѷ冟ؼ؜थѼϲՑᑋϢશѷҮϤҝݡҨ೸ҟ僚ѐ

ӮݡҨ೸ҟуѭϢҽҨ೸ҟ冟ᦓ᥿ϦЃሬҵٵҮӼӨӎЬϢશѷ冟үϨؼथ೸ҟϽճѫҴ

ϲՑᑋશѷҮϤ僚ԆϮϢؼथЅϨ܍ҹϢ冟ҽҨ೸ҟϢ۠ңЩЕчҊϢҹЃЅՑӳ僚ᦓ᥿

ӎЬ � Ҩ೸ҟѭ冟Ͻ࢙޶ӃւશӱϢશѷϢྩవГ
m
n
冟ճЋ m ю n Ϩ௴ܚϢՓڮߴ僚٩

m + n僚

�� )LQG WKH QXPEHU RI RUGHUHG SDLUV (m, n) VXFK WKDW m DQG n DUH SRVLWLYH LQWHJHUV LQ WKH VHW
{1, 2, · · · , 30} DQG WKH JUHDWHVW FRPPRQ GLYLVRU RI 2m + 1 DQG 2n − 1 LV QRW 1�

ѐڮ๳Ϯକࡥ (m冟n)冟ڪИ m ю n Ϩ৛؏ {1冟2冟 · · ·冟30} ЋϢՓڮߴ冟؜੕ 2m + 1 ю

2n − 1 ϢсϿՂ৖ڮϦϨ 1僚٩ԆϮϼҥϢϮକڮѐϢϲڮ僚

��� 7ZR VSKHUHV ZLWK UDGLL �� DQG RQH VSKHUH ZLWK UDGLXV �� DUH HDFK H[WHUQDOO\ WDQJHQW WR
WKH RWKHU WZR VSKHUHV DQG WR WZR GLIIHUHQW SODQHV P DQG Q. 7KH LQWHUVHFWLRQ RI SODQHV P
DQG Q LV WKH OLQH !� 7KH GLVWDQFH IURP OLQH ! WR WKH SRLQW ZKHUH WKH VSKHUH ZLWK UDGLXV
�� LV WDQJHQW WR SODQH P LV m

n
, ZKHUH m DQG n DUH UHODWLYHO\ SULPH SRVLWLYH LQWHJHUV� )LQG

m + n�

Ҵϲ۝ᔓГ �� ϢޟюϤϲ۝ᔓГ �� ϢޟҴҴ޲ם冟؜੕ԲҴϲϦӳϢحӱ P ю Q Ց޲僚

ӱح P ю Q Ց݀Ӯݨل !僚գݨل ! Ͻ۝ᔓГ �� ϢޟԲحӱ P Ϣ޲ѷϢ೤۴Г
m
n
冟ճЋ

m ю n Ϩ௴ܚϢՓڮߴ僚٩ m + n僚
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��� $ WHDFKHU ZDV OHDGLQJ D FODVV RI IRXU SHUIHFWO\ ORJLFDO VWXGHQWV� 7KH WHDFKHU FKRVH D VHW
S RI IRXU LQWHJHUV DQG JDYH D GLIIHUHQW QXPEHU LQ S WR HDFK VWXGHQW� 7KHQ WKH WHDFKHU
DQQRXQFHG WR WKH FODVV WKDW WKH QXPEHUV LQ S ZHUH IRXU FRQVHFXWLYH WZR GLJLW SRVLWLYH
LQWHJHUV� WKDW VRPH QXPEHU LQ S ZDV GLYLVLEOH E\ 6, DQG D GLIIHUHQW QXPEHU LQ S ZDV GL�
YLVLEOH E\ 7. 7KH WHDFKHU WKHQ DVNHG LI DQ\ RI WKH VWXGHQWV FRXOG GHGXFH ZKDW S LV� EXW� LQ
XQLVRQ� DOO RI WKH VWXGHQWV UHSOLHG QR�

+RZHYHU� XSRQ KHDULQJ WKDW DOO IRXU VWXGHQWV UHSOLHG QR� HDFK VWXGHQW ZDV DEOH WR GHWHU�
PLQH WKH HOHPHQWV RI S. )LQG WKH VXP RI DOO SRVVLEOH YDOXHV RI WKH JUHDWHVW HOHPHQW RI S�

ћϢੑڮߴϲضݕथϩϤੑؼឝ઎ՅՇϢҔЭ僚ҿ٫࠺Е֖ӑՖ׵ضҿ٫ю׵ಶѻϮϤࢤ

৛؏ S冟҅؜ϩҽ׵ҔЭϤϲ S ЋϢڮ冟௴ϦՑӳ僚Җѭҿب٫Ͽщ౰ࡖ S ЋϢڮϨضϲ

冟SڮߴՓ׵ϢҴݏܰ ЋϢ࣫ڮЕӉ 6 冟үৣߴ S ЋϢࣺϤϲϦӳϢڮЕӉ 7 僚Җѭ冟ৣߴ

ҿ٫֜ϨଜϮڈۻҔЭЩуՅৌч৛؏ S Ϣྥћ冟ՊԆϮҔЭϤ੩ҵઔ僧ଜ僨僚

ՊϨ冟ϬթϽԆϮ׵ضҔЭЅҵઔ僧ଜ僨ѭ冟ҽ׵ҔЭЅЕ࠴૜Ԏч S ЋϢؑ੧僚٩ S Ћс

Ͽؑ੧ϢԆϮЩЕࡲϢ׈ю僚

��� $ FRQYH[ TXDGULODWHUDO KDV DUHD �� DQG VLGH OHQJWKV 5, 6, 9, DQG 7, LQ WKDW RUGHU� 'HQRWH E\
θ WKH PHDVXUH RI WKH DFXWH DQJOH IRUPHG E\ WKH GLDJRQDOV RI WKH TXDGULODWHUDO� 7KHQ tan θ

FDQ EH ZULWWHQ LQ WKH IRUP m
n

, ZKHUH m DQG n DUH UHODWLYHO\ SULPH SRVLWLYH LQWHJHUV� )LQG
m + n�

࣫᤯ٍض঍ϢӱݟГ 30冟ٍԁঊҨГ 5冟6冟9冟7僚ѣ θ ՝ٍضݕ޸঍ϢѐउݨԆ঍ћϢᛣ

उ僚tan θ Щуޅћ
m
n

Ϣ঍ޮ冟ճЋ m ю n Ϩ௴ܚϢՓڮߴ僚٩ m + n僚

��� )LQG WKH OHDVW SRVLWLYH LQWHJHU n IRU ZKLFK 2n + 5n − n LV D PXOWLSOH RI ���� �

٩свϢՓڮߴ n冟ڪИ 2n + 5n − n Ϩ 1000 Ϣ༿ڮ僚
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��� /HW "ABC EH DQ DFXWH WULDQJOH ZLWK FLUFXPFHQWHU O DQG FHQWURLG G. /HW X EH WKH LQWHU�
VHFWLRQ RI WKH OLQH WDQJHQW WR WKH FLUFXPFLUFOH RI "ABC DW A DQG WKH OLQH SHUSHQGLFXODU
WR GO DW G. /HW Y EH WKH LQWHUVHFWLRQ RI OLQHV XG DQG BC. *LYHQ WKDW WKH PHDVXUHV RI
∠ABC,∠BCA, DQG ∠XOY DUH LQ WKH UDWLR 13 : 2 : 17, WKH GHJUHH PHDVXUH RI ∠BAC FDQ EH
ZULWWHQ DV m

n
, ZKHUH m DQG n DUH UHODWLYHO\ SULPH SRVLWLYH LQWHJHUV� )LQG m + n�

ଊ "ABC ϨםХГ O юխХГ G ϢᛣउѼउ঍僚ࠤ X ГӎЬ A Ϣ "ABC ϢأםವϢ޲

ԲӎЬݨ G ϢᘛلӮ GO ϢᘛݨϢ݀ѷ僚ࠤ Y Ϩ XG ю BC Ϣ݀ѷ僚ӽҩ∠ABC冟∠BCA冟

∠XOY ϢڮטҮՕГ 13 : 2 : 17冟∠BAC ϢڮטЩуޅГ
m
n
冟ճЋ m ю n Ϩ௴ܚϢՓߴ

僚٩ڮ m + n僚

��� /HW f (n) DQG g(n) EH IXQFWLRQV VDWLVI\LQJ

f (n) =






√
n LI

√
n LV DQ LQWHJHU

1 + f (n + 1) RWKHUZLVH

DQG

g(n) =






√
n LI

√
n LV DQ LQWHJHU

2 + g(n + 2) RWKHUZLVH

IRU SRVLWLYH LQWHJHUV n. )LQG WKH OHDVW SRVLWLYH LQWHJHU n VXFK WKDW f (n)
g(n)

=
4
7
�

ѐӮՓڮߴ n冟᫸ڮ f (n) ю g(n) ۖ࢞冭

f (n) =






√
n ԯ

√
nϨڮߴС

1 + f (n + 1) ճѫѥ঍

у࢕

g(n) =






√
n ԯ

√
nϨڮߴС

2 + g(n + 2) ճѫѥ঍

٩свϢՓڮߴ n Иڪ
f (n)
g(n)

=
4
7
僚
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1.550         6.454         11.258
2.336         7.145         12.047
3.080         8.049         13.797
4.330         9.295         14.592
5.736         10.335       15.258


